Traditional origami structures fold along predefined hinges, and the neighboring facets of the hinges are folded to transform planar surfaces into three-dimensional (3D) shapes. In this study, we present a new self-folding design and fabrication approach that has no folding hinges and can build 3D structures with smooth curved surfaces. This fourdimensional (4D) printing method uses a thermal-response control mechanism, where a thermo shrink film is used as the active material and a photocurable material is used as the constraint material for the film. When the structure is heated, the two sides of the film will shrink differently due to the distribution of the constraint material on the film. Consequently, the structure will deform over time to a 3D surface that has no folding hinges. By properly designing the coated constraint patterns, the film can be self-folded into different shapes. The relationship between the constraint patterns and their correspondingly self-folded surfaces has been studied in the paper. Our 4D printing method presents a simple approach to quickly fabricate a 3D shell structure with smooth curved surfaces by fabricating a structure with accordingly designed material distribution.
Introduction
Self-folding structures have received increased attention in recent years, especially with the demonstration of the four-dimensional (4D) printing concept [1] [2] [3] [4] [5] . 4D printing refers to using threedimensional (3D) printing technology to fabricate structures with heterogeneous materials; upon triggering by external stimuli, the structures can evolve over time (the fourth dimension) to form desired 3D shapes. Self-folding structures have a great potential in applications such as microbiomedical devices [6] [7] [8] , drug delivery systems [9] [10] [11] , microreconfigurable robotic systems [12] [13] [14] [15] , and folded circuit designs [16] [17] [18] . To achieve automatic folding behaviors, different folding mechanisms have been developed, including shape memory polymers [19] [20] [21] , bilayer structures [22] [23] [24] , and active hinge-based structures [25, 26] . These mechanisms use different materials and designs. Hence, the complexity in fabricating them varies significantly; some of them may take a long time and much effort in preparing and assembling the materials, e.g., the structures with embedded shape memory wires.
Prestrained polystyrene film has been investigated in selffolding applications due to the easiness of material preparation and low cost. One of the earliest work used black ink and infrared light to achieve self-folding by localizing the absorption of heat on the hinges [27] [28] [29] . The film has also been used as an active material in a sandwiched structure by coating or gluing another type of material on it. By carefully designing the parameters on the hinges, well-controlled self-folding could be achieved [30] [31] [32] . These self-folding structures are based on the origami design, where the shape is composed of flat facets, and the structure folding happens at the hinge portions. However, many product designs, as well as the objects in nature, have shapes with smooth curved surfaces. There is a great need for fabricating curved surfaces, especially for wearable devices whose shapes are required to conform to the surface of a human body.
This paper presents a method to self-fold thin-shell structures with smooth curved surfaces using constrained thermal deformation. Since no hinges are used, we name such a self-folding method as "curved folding." The principle of the method is illustrated in Fig. 1 . A bilayer structure design is used in the thermalresponse control mechanism, where a photocurable resin material (thickness $0.1 mm) is coated on the prestrained polystyrene film (thickness $0.3 mm) using the mask-image-projection-based stereolithgraphy (MIP-SL) process that projects a mask image onto a thin layer of liquid resin to selectively solidify it. With no constraints, the polystyrene film shrinks almost uniformly in the XY plane under homogeneous heating environment. However, when the resin material is coated on one side of the film, it provides an extra physical constraint to the film. Consequently, when the bilayer structure is heated, the resin material has a small shrinking ratio, while the polystyrene film has a large shrinking ratio. Different shrinking ratios in the two sides of the film generate a curved deformation; consequently, the film would be curved up toward the side that has no constraint material. A bidirectional Fig. 1 An illustration of the principle of self-folding structures with smooth curved surfaces folding can also be achieved by coating the constraint material selectively on both sides of the film. Most importantly, different constraint patterns will lead to various folding behaviors and, accordingly, result in different 3D shapes.
An example of a flower model using the aforementioned curved folding principle is shown in Fig. 2 . The major challenge is how to design two-dimensional (2D) constraint patterns such that the printed film can have the desired self-folding behavior in order to fabricate a given curved surface. To address the problem, we have developed a design method by mapping a given 3D surface into a set of surface patches, and then generating 2D constraint patterns based on three basic folding features. A number of experiments have been performed to identify proper constraint patterns that can enable the film to achieve the folding behaviors that can be defined by parameters such as folding axis, curvature, and orientation. A simulation tool has been developed to predict the deformed 3D shape based on an established analytic model. The simulation results have been validated by comparing them with the physical testing results that are captured by a 3D scanner.
The rest of the paper is organized as follows: Section 2 introduces a mapping method based on three basic folding types and related folding parameters. Section 3 discusses the effect of different constraint patterns and how to use them to achieve smooth curved surfaces. A developed simulation method is also introduced in the section. Afterward, Sec. 4 describes the self-folding design and the fabrication method with the experimental results of two test cases. Finally, conclusions are drawn with future work in Sec. 5.
2 Mapping 3D Thin-Shell Structures 2.1 Process Overview. The goal of our study is to develop a self-folding method that can fabricate 3D thin-shell structures with smooth curved surfaces. We focus on 3D surfaces that are smooth (i.e., C 1 -continuity over the surface) without sharp features or high curvatures; otherwise, a hinge-based self-folding method (e.g., the one described in our previous work [3, 32] ) can be incorporated. Figure 3 shows the main steps of the developed design and fabrication method. For a given 3D thin-shell structure inputted as a computer-aided design model, the first step is to unfold it to a 2D structure and design its corresponding constraint patterns through feature mapping. The second step is to fabricate the 2D foldable structure based on the designed constraint patterns. The third step is to fold the fabricated 2D structure into a 3D structure by raising its temperature over the glass transition temperature of the film. Afterward, an optional step of Transactions of the ASME postprocessing can be used, such as coloring, polishing, or assembling multiple 3D structures to form more complex structures.
Folding Types and Parameters.
A given 3D curved surface can be divided into a set of surface patches based on the idea of shape parameterization and shape matching [33, 34] (refer to Fig. 4(a) ); each of the surface patches is referred as a folding unit in our study. When the surface patch is small, it can be classified into three basic folding types including: (1) flat, i.e., no folding, (2) one-axis, and (3) dual-axis (refer to Fig. 4(b) ). A mapping method is developed for a given curved surface based on this classification. In addition, three folding parameters to define the behavior of a folding unit are folding orientation (flat, upward, or downward), folding axis (i.e., the axis along which the surface patch folds), and folding curvature (i.e., how much the flat surface patch curves up). They are shown in Figs. 4(c)-4(e), respectively.
In our study, the folding curvature (denoted as /) is defined as the ratio between the depth d (i.e., the height of the flat surface patch curves up) over the width w of the folding unit. The curvature for a flat folding unit is defined as zero. For the type of oneaxis folding, the curvature is the depth-to-width ratio of the folded surface patch along the direction that is perpendicular to the folding axis. For the type of dual-axis folding, two curvatures (/ 1 and / 2 ) can be defined along the two folding directions, respectively. In this study, we assume that the dual-axis folding is symmetrical, i.e., the curvatures along the two folding axes are the same, thus the folding curvature of the surface patch is simplified as the average of / 1 and / 2 .
Accordingly, a set of codes can be defined to label each surface patch based on the aforementioned folding properties. Table 1 shows the codes that are used in the paper to label a surface patch. A square represents the folding unit, and a solid line in the square represents the folding axis. The curvature / is recorded inside the square, and an arrow is used to indicate whether the folding unit folds upward or downward. A horizontal double-sided arrow indicates the flat ones.
The steps of mapping a 3D structure and generating codes based on the aforementioned classification are shown in Fig. 5 . To map a 3D curved surface, the first step is to divide the given surface into a mesh grid based on the idea of mesh parameterization. The patch size can be set by users. Generally, the smaller the size is, the more accurate the mapping would be; however, the required fabrication resolution of the designed constraint pattern will also be higher. The mesh grid defines a set of small surface patches that will be deformed into the 3D curved surface. Based on the defined codes, each surface patch is labeled by its folding type, folding orientation, folding axis, and folding curvature. Table 1 . The constructed surface patches and the accordingly defined folding codes on the patches are the key elements of our self-folding structure design method. We will discuss how to design 2D constraint patterns for each surface patch in Sec. 3.
Folding Control Using Constraint Patterns
After a set of coded surface patches have been generated, the design and fabrication of the constraint patterns for them are discussed in this section. The main challenge to be considered is how to convert the folding code of a surface patch to a constraint pattern such that the accordingly fabricated 2D structure, when heated, will be self-folded as designed. As mentioned in Sec. 1, our method is based on the thermal-responsive control mechanism using a bilayer structure design. That is, a prestrained polystyrene film serves as the active material, and cured resin is used as the passive material that selectively constrains the shrinkage of the polystyrene film. Both the active and passive materials contribute to the structural deformation. As shown in our previous work [3] , heating will cause the film to shrink, which will lead to the deformation of the 2D structure in certain ways. In this section, our study on the shrinkage of a polystyrene film is first presented, followed by a discussion on a correspondingly developed simulation method. Finally, the main factors that contribute to the self-folding behaviors are discussed.
Shrinkage Study of Polystyrene Film.
A polystyrene film is produced by stretching a thick film under heat into a certain thickness and then cooling down rapidly to maintain its stretched shape. Consequently, the film stores a large potential energy (in the form of residual stress) due to the use of stretching to achieve its final shape. When the temperature is raised above its glass transition temperature, the film will release the stored energy and shrink to the most stable configuration. If the prestressed polystyrene film is uniformly stretched, it will shrink uniformly on the film plane under heat. However, the stored potential energy of polystyrene film may not be uniform due to nonuniform processing conditions. Hence, the two sides of the film may shrink differently.
The polystyrene film used in our study is the inkjet shrink film (clear) purchased from Grafix Plastics (Maple Heights, OH). Tests were first performed to calibrate its shrinkage ratio by measuring the length of both sides of the film when it is heated to different temperatures. Figure 6 shows the measured lengths of both sides of the polystyrene film, which has an original length of 20 mm. When the temperature is raised up above 98 C, the film starts to shrink, and one side of the film (denoted as side A, triangle marker) shrinks slightly more than the other side (denoted as side B, square marker). The difference leads to slight bending of the film at the temperature of 106 C (refer to Fig. 6(b) ). When the temperature keeps increasing, the shrinkage of side B catches up with that of side A; hence, the difference becomes smaller. Eventually, the potential energy is totally released when the temperature reaches around 120 C, and both sides shrink similarly to get a flat film in a smaller size ($9 mm). For the temperature setting between 98 C and 120 C, each temperature has the corresponding shrinking ratio. The reason is that the polymer chains of the material are not uniform; hence, the phase transition is gradually introduced with the increased temperature until the film is totally changed at 120 C. If the temperature keeps on increasing to over 120 C, the film would become soft or even be melted. Six samples were tested, and the same phenomenon is found in all the tested samples with small variation (<0.2 mm or 1% of the original testing length). Hence, we used the graph in Fig. 6(a) as the shrinkage estimation of the polystyrene film in our design.
As mentioned before, 2D patterns are designed to constrain one side of the film to achieve the bending of the film toward another side. It is desired to have a small shrinkage difference between the two sides of the film (i.e., sides A and B) such that its effect could be minimized in the pattern design. In addition, if the shrinkage of the film is too large, the shear stress induced between the film and the coated material would be large as well. Consequently, the constraint material may be peeled off from the film. In our study, the shrinkage ratio in all the tests is kept smaller than 25% by using a lower temperature. Based on the curve shown in Fig. 6(a) , the raised temperature in our study is set at 108 C, at which the related shrinking difference on the two sides of the film is relatively small.
Deformation Principle and a Simulation Method.
Constraint patterns are designed to cause the polystyrene film to shrink differently on both sides. The shape of the coated constraint material will determine how the fabricated 2D structure will selffold when heated. The moment of inertia is one of the main parameters to evaluate how a 2D surface patch will bend. As shown in Fig. 7 , for a surface patch with thickness h, width b, and length a, the moment of inertia I around the X and Y axes is I x ¼ bh 3 =12 and I y ¼ ah 3 =12, respectively.
As
In other words, assuming the film portions that are coated with the constraint material are protected from heating and constrained by the coated material, the two sides of the film will shrink differently. Hence, the distribution of the coated material will lead to the bending of the film around the axis that is orthogonal to the distribution of the constraint material.
A simulation method based on the analyzed deformation principle is developed to predict the deformed 3D shape of a 2D structure designed with constraint patterns. Similar to the finite element method, we subdivide a design domain into a set of small elements, e.g., small cells as shown in Fig. 8(c) . When the elements are sufficiently small, the contraction and deformation can be approximated linearly. In the simulation, we assume that the side of a shrinking film without coated material will shrink to a new length R Á L that is linearly computed from the original length L, as illustrated in Fig. 8(a) with a 2D view.
Given the shrinkage ratio R, which can be obtained through the calibration tests as shown in Fig. 6(a) , the target shape of each element can be computed based on the configuration of the constraint patterns. For example, when both sides of the element are constrained, this element will stay the same shape with no deformation throughout the self-folding process. When one side of the element is empty and another side is constrained, it is deformed like the one shown in Fig. 8(a) . The target shapes can be computed individually for each element; however, when the target shapes of the neighbor elements are put together, conflicts will arise that need to be resolved by connecting the elements together to approach a target shape with the smallest conflict. Therefore, the simulation is developed by projecting a set of vertices onto the target shape by minimizing the sum of the squared distances of the vertices to the corresponding constraint set. This minimum is computed through shape matching, i.e., by finding the least squares fit of the constraint shape onto the set of vertices. Let V be a vector that stacks all the vertices of the elements (V 1 ,…, V n ) 
where N ¼ I 8Â8 À 1 8 1 8Â8 with 1 being a matrix with all element equal to 1, and V i 0 is the projected vertices computed by the target shape. Equation (1) can be rewritten to a linear equation system that can be solved by a least square solution
where A is a 8m Â n matrix combines all the mean-centered vertices and p integrates all projections, and the solution of Eq. (2) will be the vertex positions of the simulation mesh such as the ones shown in Fig. 8(c) . In other word, it is trying to maintain the rigidity of the transformation between the target and the current shape of the elements, as shown in Fig. 8(b) . The computation scheme used in our simulation method is adopted from the ones that have been used in other engineering applications (e.g., Refs. [35] and [36] ). Based on the developed simulation tool, an input 2D structure in Fig. 8 (c) will lead to a 3D shape with the minimum E, as shown in Fig. 8(d) . Hence, we can predict the behavior of a designed constraint pattern. We will discuss the constraint pattern design that can be used to achieve the four folding parameters of a folding unit in Secs. 3.3 and 3.4.
Folding Type and Axis Control Using Constraint
Patterns. Since the folding type and the axis direction are highly related, we will discuss them together. As shown in Fig. 7 , a simple 2D bar (b ( a) can be used as the constraint pattern if a folding axis is defined. The direction of the constraint bar (i.e., the direction of the longest edge) should be perpendicular to the folding axis. Similarly, a 2D cross shape can be used as the constraint pattern for a dual-axis folding. Figure 9 shows the designed Transactions of the ASME constraint patterns with related experimental results for both oneaxis and dual-axis folding. Five constraint patterns were tested, and the feasibility of using them to achieve the three basic folding types has been demonstrated. In the designs as shown in Fig. 9 , the gray portion is the polystyrene film, and the yellow portion is the designed constraint patterns, which are printed using the MIP-SL process [32] . The black lines drawn on the film were drawn in order to position the film during the fabrication process.
As shown in the test results, the folded shapes of both one-axis and dual-axis cases are close to the desired shapes. Simulation results were also computed for the tests. The steps of the comparison analysis are shown in Fig. 10 . The folded samples are scanned using a SLS-2 3D scanner (David Vision Systems GmbH, Koblenz, Germany) with a resolution of 0.06 mm. The scan data are then compared with the simulated data. Since a simulated model is based on a 3D object with certain thickness while the related 3D scanned data are a mesh surface, only the exterior surface of the simulated model is used in the comparison analysis. Hausdorff distance is used to evaluate the difference of the two meshes in different data points. The publicly available software system-METRO [37] is used to compute the Hausdorff distance between the two meshes. For the test samples with the size of 10 mm Â 10 mm, the maximum error is around 0.8 mm. It can be noticed that the majority of the comparison color map is in blue color, while the boundaries of the patches have large error, which may be due to the different heating conditions along the boundary.
Some additional experiments were performed to study the folding performance of the one-axis folding type. In the tests, the single constraint bar is subdivided into two and three parallel bars with the total areas of the constraint patterns keeping the same. Figure 11 shows the designed patterns and the folded results. The blue dashed line in the figure indicates the folding axis. After the folding, we evaluated the performance of folding by evaluating the straightness of the curve along the folding axis, which is defined as the axial curve. Theoretically, if the sample is perfectly folded along the axis, the axial curve is a straight line. However, due to the constraint material, the coated portion will curve up and form a "bump." When the constraint pattern is divided into smaller parts, smaller "bumps" will form and the overall smoothness of the structure will be improved. The results show that the more constraint bars used in a 2D structure, the better overall smoothness of the structure can obtain. However, the constraint pattern cannot be unlimitedly divided into smaller ones, since the fabrication process has a limited feature resolution. In Transactions of the ASME our study, we used three bars as the 2D constraint pattern for the one-axis folding type.
Folding
Curvature and Orientation Control Using Constraint Patterns. Another important parameter to control the folding of a surface patch is the folding curvature. The factors that may affect the curvature of a surface patch include the shape of the constraint pattern, the property of constraint material, the thickness of the constraint layer, and the temperature used in selffolding. In our study, we fix all the factors except the shape of the constraint pattern in order to study the relation between the folding curvature and the pattern shape. The effects of other factors will be explored in our future work.
In a folding unit, a constraint pattern for a surface patch can have a wide variety of designs, including its shape, position, and scale. We limited the pattern designs in our study and chose two patterns for the one-axis and dual-axis folding, respectively. As shown in Fig. 12 , a parallel bar pattern is used for the one-axis folding, and a cross shape pattern is used for the dual-axis folding. Figure 12 also shows the pattern size and position that are considered in our study. The edge length of a unit surface patch is denoted as L. The control parameter in these designs is the width of the constraint bar, that is, l 1 in Fig. 12 (a) and l 2 in Fig. 12(b) . We experimentally studied how to set the design parameters to achieve the desired folding curvatures.
A set of experimental tests were performed to calibrate the relationship between l 1 , l 2 and their corresponding curvatures. The fabricated samples and the folded results are shown in Figs. 13 and 14. Similar to Fig. 10 , the comparative analysis of the experimental and simulated results was performed. In addition, the values of the depth and width ðd; wÞ as discussed in Sec. 2.2 were measured using a caliper. Table 2 shows the measurement results. In the tests, the size of each surface patch is 10 mm Â 10 mm. Figure 15 shows the plotted curve based on the data in Table 2 . The experimental results illustrate that the constraint patterns for both one-axis and dual-axis folding types can be used to control the folding curvatures of the polystyrene film. Increasing the parameter l 1 and l 2 will increase the curvatures of the corresponding surface patch. In addition, for a polystyrene film without any constraint material (i.e., the cases when l 1 and l 2 equals zero), the curvature is very small compared to the ones The relationship between the folding curvature and the parameters of the constraint pattern can be used in designing the required constraint patterns for a given 3D shell structure. For example, for a folded 3D structure with a specific curvature value, we can determine the parameters l 1 (or l 2 ) by the curves in Fig. 15 . When there is no exact point for a given value, the parameter is approximated by the linear interpolation between two neighboring data points.
From the measured data, the curvature varies from 0.044 to 0.313. Using our method, it would be difficult to fabricate sharp features that have large curvatures unless the folding units of the related features are further subdivided into smaller surface patches. However, using small surface patches will require a fabrication process that has an even higher resolution. The MIP-SL process used in our study enables the constraint pattern to have a feature size as small as 0.5 mm.
Finally, the last folding parameter of a folding unit is the folding orientation. The constraint material can be coated on either side of the film. When the constraint pattern is coated on one side of the film, the film will bend toward another side when heated. Hence, the folding orientation can be easily controlled by coating the resin on the appropriate side of the film.
Constraint Pattern Design and Fabrication
As discussed in Sec. 3, a 2D film with varying constraint pattern designs can have different folding performances, which are defined by the four folding parameters on small surface patches. Our 4D printing approach approximates a smooth surface by a set of surface patches with their curvatures. Accordingly, the design process to generate the constraint patterns based on the coded surface patches is shown in Fig. 16 . The first step is to calculate the curvatures of each surface patch. A number of points are sampled along the boundary and the center of each surface patch to measure its width and depth in different directions. The direction that has the minimum curvature variation along the sampling direction is selected as the folding axis. If the curvature variation in the orthogonal direction is large (i.e., >0.044 in the test), the additional direction will be selected as the second folding axis, and the dual-axis pattern will be used for the surface patch. To achieve the measured curvature of each surface patch, the curves shown in Fig. 15 are used to determine the parameters l 1 and l 2 . Accordingly, the constraint patterns can be designed based on the two patterns developed for the one-axis and dual-axis folding types (refer to Fig. 12 ). Finally, a mask image is generated for coating the constraint material on the polystyrene film, which will be cut into a flat 2D shape. Figure 17 shows the fabrication system that was used in our study to print the photocurable resin on the polystyrene film. The fabrication process is based on the MIP-SL process [38] [39] [40] . During the fabrication process, a mask image is projected onto the printing chamber. The polystyrene film is positioned on the bottom of the chamber, and a layer of liquid resin is spread on top of the polystyrene film. After that, a transparent cover coated with polydimethylsiloxane film is used to form a thin layer, and the layer thickness is controlled by spacers. When the resin is exposed to the projected image, the photocurable resin gets solidified to form the constraint pattern on the polystyrene film. The resin used in our study is SI500 resin from EnvisionTEC Inc. (Dearborn, MI). The photocuring process will lead to a small temperature increase [41] ; however, it is far lower than the glass transition temperature of the polystyrene film. Figure 18 shows the fabricated film with the designed pattern using the MIP-SL process. After positioning the fabricated film inside an oven that is preheated to 108 C, the structure is self-folded into the 3D shape, as shown in Fig. 18 . The self-folded curvy surface was captured using the SLS-2 3D scanner and compared with the designed computer-aided design model. The color map of the Hausdorff distance shows that the shapes of the designed and folded models are close to each other. In addition, the folded 3D structure has the desired curvy surface that is smooth. The self-folded curved surface has no folding hinges, or stair-stepping effect that is typical in the layer-based additive manufacturing processes. The fabricated 3D structure can be used as a tool to transfer the shape of the curved surface into other materials such as silicone rubber. In addition, the folding process takes less than 10 s, which is much shorter than the fabrication time that is required for building the 3D structure using a 3D printer such as a MIP-SL or fused deposition modeling machine. An additional test case based on "USC" letters is shown in Fig. 19 . The one-axis folding pattern design is used in the test. Compared with the layer-based 3D printing of these 3D structures, our method does not require the use of additional support structures. The fabrication time is also largely reduced. Based on the experimental results, the feasibility of using the developed design and fabrication method to build 3D thin-shell structures with smooth curved surfaces has been demonstrated.
Conclusion and Discussion
In this paper, a new 4D printing approach to fabricate 3D thinshell structures with smooth curved surfaces has been presented. To control the self-folding process based on a thermal-responsive control mechanism, a curved surface is divided into a set of small surface patches as individual folding units. Each folding unit is classified into three basic folding types: the flat patches, the oneaxis folding patches, and the dual-axis folding patches. Three additional parameters are then presented, including folding axis, curvature, and orientation. The effects of these four parameters and the accordingly developed control methods have been presented. In addition, a simulation tool has been developed to predict the deformation of a given constraint pattern. The comparison between the simulated and fabricated shapes shows good agreements. Several test cases have been presented to demonstrate the effectiveness of the developed 4D printing method.
There are several limitations in the presented design and fabrication method. First, the degree of bending is determined by the shrinkage of the polystyrene film. Due to the limit of the shrinkage ratio, our method cannot be used to fabricate shapes with high curvature. Second, the thickness of the constraint layer needs to be well controlled. A proper thickness of the constraint layer based on the selected polystyrene film is between 0.1 and 0.2 mm. A concept of digital material by using pixelized constraint materials on the polystyrene film [38, 39] may enable the method to achieve a larger folding curvature range and a wider layer thickness. That is, by using different composition of rigid and soft materials, the printed constraint patterns may have certain flexibility to enable the polystyrene film to have a larger folding curvature range. Finally, the approach that is used to map the 3D shape into a 2D surface is based on an approximation of the divided surface patches.
Our future work includes: (1) studying more general constraint 2D patterns and their related control parameters; (2) investigating the use of digital material as the constraint material for selffolding structures; (3) integrating the developed design method with other 4D printing approaches to fabricate more complex structures; and (4) investigating applications that may benefit from the process that we developed.
